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Fast evaluation of molecular auxiliary functions
Aα and Bn by analytical relations
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E-mail: iguseinov@cheerful.com

B.A. Mamedov
Department of Physics, Faculty of Arts and Sciences, Gaziosmanpaşa University, Tokat, Turkey
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Analytical relations through the initial values are derived for the molecular auxil-
iary functions Aα(x) and Bn(x), where α = n+ ε, 0 � ε < 1 and n = 0, 1, 2, . . . . These
relations are useful in the fast calculation of multicenter molecular integrals over inte-
ger and noninteger n Slater type orbitals. It is shown that the formulas obtained are
numerically stable for all values of n, ε and x.
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1. Introduction

It is known that the multicenter molecular integrals over integer and nonin-
teger n Slater type orbitals (STOs) can be calculated using series expansion for-
mulas in which the individual terms are expressed through the overlap integrals
[1,2], which involve the auxiliary functions [3]

Aα(x) =
∫ ∞

1
tαe−xtdt, (1)

Bn(x) =
∫ 1

−1
tne−xtdt . (2)

Recent works in this area [4–7] discuss the efficient evaluation of these functions.
The methods presented in references [4–7] are based on the use of upward and

∗Corresponding author.

21

0259-9791/05/0700-0021/0 © 2005 Springer Science+Business Media, Inc.



22 I.I. Guseinov and B.A. Mamedov / Fast evaluation of molecular auxiliary functions

downward recursion relations, therefore, require more computational effort. The
purpose of this paper is to present an accurate algorithm for the fast evaluation
of auxiliary functions Aα(x) and Bn(x) with arbitrary values of parameters α, n
and x using analytical formulas.

2. Recursion relations

In order to establish the analytical formulas for auxiliary functions, equa-
tions (1) and (2), we shall use the following recursive relations [8,9]:

Upward recurrences

Aα(x) = (αAα−1(x) + e−x)/x, (3a)

C(α, x) = αC(α − 1, x) + xα, (3b)

Bn(x) = (nBn−1(x) + (−1)nex − e−x)/x, (4)

where

Aα(x) = e−xC(α, x)/xα+1. (5)

Downward recurrences

Aα(x) = (xAα+1(x) − e−x)/(α + 1), (6a)

C(α, x) = (C(α + 1, x) − xα+1)/(α + 1), (6b)

Bn(x) = (xBn+1(x) + (−1)nex + e−x)/(n + 1). (7)

The starting points in upward recurrences are given by

Aε(x) =
{

e−x/x for ε = 0,
1

x1+ε (�(1 + ε) − γ (1 + ε, x)) for 0 < ε < 1, (8a)

C(ε, x) = exx1+εAε(x), (8b)

B0(x) = (ex − e−x)/x, (9)

where � and γ are the complete and incomplete gamma functions, respectively
[10]. The downward recursion of auxiliary functions Bn(x) should be started
from the even value of nt determined as [5]

nt �
{

d
|log(nmax/x)| + nmax for nmax �= x, (10a)

n2
max for nmax = x, (10b)

at which point
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Bnt
(x) = B0(x)/xnt . (11)

3. Analytical relations

The analytical formulas for auxiliary functions Aα(x) and Bn(x) in terms
of starting values can be obtained from their recurrence relations presented in
Section 2. For this purpose we use the method set out in our previous paper [11].
Then, we obtain:

Aα(x) = 1
xk

[
(α + 1)kAα−k(x) + e−x

k∑
i=1

(α + 1)k−ix
i−1

]
, (12a)

C(α, x) = (α + 1)kC(α − k, x) +
k∑

i=1

(α + 1)k−ix
α−k+i , (12b)

Bn(x) = (n + 1)k

xk

{
Bn−k(x) +

k∑
i=1

(n + 1)k−i

(n + 1)k
((−1)n−k+iex − e−x)xi−1

}
(13)

and

Aα−k(x) = 1
(α + 1)k

[
xkAα(x) − e−x

k∑
i=1

(α + 1)k−ix
i−1

]
, (14a)

C(α − k, x) = 1
(α + 1)k

[
C(α, x) −

k∑
i=1

(α + 1)k−ix
α−k+i

]
, (14b)

Bn−k(x) = xk

(n + 1)k
Bn(x) −

k∑
i=1

(n + 1)k−i

(n + 1)k
((−1)n−k+iex − e−x)xi−1, (15)

where 0 � k � n and (α)k is the Pochhammer symbol defined by

(α)k =
{

1 for k = 0,

(α − 1)(α − 2) . . . (α − k) for 1 � k � n − 1,

(16a)

(16b)

(n)k = (n − 1)!/(n − 1 − k)! for α = n(ε = 0). (17)

In special cases of equations (12a), (12b), (13) and (15) for k = n and n =
nt , respectively, we obtain for the molecular auxiliary functions Aα(x) and Bn(x)

the following analytical relations in terms of initial values:
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An+ε(x) = 1
xn

[
(n + ε + 1)nAε(x) + e−x

n∑
i=1

(n + ε + 1)n−ix
i−1

]
, (18a)

C(n + ε, x) = (n + ε + 1)nC(ε, x) +
n∑

i=1

(n + ε + 1)n−ix
ε+i , (18b)

Bn(x) = n!
xn

{
B0(x) +

n∑
i=1

1
i!

[(−1)iex − e−x ]xi−1

}
, (19a)

= n!
xn

n∑
i=0

1
i!

[(−1)iex − e−x ]xi−1 (19b)

and

Bnt−k(x) = xk

(nt + 1)k
Bnt

(x) −
k∑

i=1

(nt + 1)k−i

(nt + 1)k
[(−1)nt−k+iex − e−x ]xi−1 (20)

4. Discussion

A novel technique is introduced to accurately calculate the molecular aux-
iliary functions Aα and Bn by the use of analytical formulas obtained from the
upward and downward recurrences.

On the basis of formulas (equations (12a)–(19b)) obtained in this paper we
constructed a program for computation of auxiliary functions on a Mathemat-
ica 5.0 international mathematical software. One can determine the accuracy of
computer results obtained from analytical relations (12a) and (13) by the use of
upward and downward recurrences, equations (6a)–(7). The examples of com-
puter calculation of equations (12a) and (13) for the Aα and Bn are shown in
tables 1 and 2.

The calculation results based on the use of upward and downward analyt-
ical relations for auxiliary functions Aα and Bn show good rate of convergence
and numerical stability with literature [4,7] under arbitrary values of parameter
x. The accuracy of the computer results obtained from the analytical relations
can be determined with the help of upward or downward recurrences. The num-
ber of correct decimal figures m occurring in �fu = 10−mu and �fd = 10−md are
presented in tables 1 and 2, where �f = ∣∣f L − f R

∣∣ and m = mu and m = md.
The values f L and f R are determined from the left- and right-hand side (LHS
and RHS) of analytical formulas derived from the upward and downward rela-
tions. The advantage of the algorithm described in this work is in its general
applicability: indeed, the proposed algorithm could be useful in the fast evalu-
ation of molecular properties involving auxiliary functions Aα and Bn.
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